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Topics

Talk 1: Discuss how simulations and experiments have 
helped us understand the motion of a single inertial 
particle in turbulence.

Talk 2: Discuss the motion of particle pairs in turbulence 
with the goal of analyzing the interparticle collision rate.

• Homogeneous isotropic turbulence
• Mean shear (boundary layer)
• Entrainment



Comprehensive Strategy

ModelingObservations

Laboratory DNS

•RANS
•LES





Is turbulence in the lab and cloud the same?
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Wind tunnel measurements of 
near isotropic turbulence

Ayyalasomayajula et al. 2006



Particle Trajectories Ayyalasomayajula et al. 2006



Probability Density Function (PDF) of Acceleration
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Ayyalasomayajula et al. 2006



DNS - Fluid
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• De-aliased pseudospectral code

• Number of grid points 5123

• Deterministic forcing to maintain 
statistically stationary turbulence

• Temporal resolution

• Spatial resolution κmaxη > 2
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DNS - Particles

•  

•  

•  

•  

•  

Rep =
|ui − vi|d

ν
� 1

β = ρp/ρf � 1

d/η � 1

ΦM ∼ O(10−4)

ΦV ∼ O(10−7)
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Heavy particle dynamics
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DNS acceleration statistics
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• Overall agreement with the experiments 
is good
• Use the DNS to separate the effects 
due to “sampling” and “filtering” by 
simulating unphysical particles



Eulerian view of clustering

Schematic

Strain
Rotation

Rotation

DNS
Maxey 1987; Squires & Eaton 1991; Wang & Maxey 1993
Sundaram & Collins 1997; Reade & Collins 2000
Falkovich et al. 2002; Zaichik & Alipchenkov 2003; Chun et al. 2005



The concept of biased filtering
Ayyalasomayajula et al. (2008)
• In their study, a vortex model 

showed that even at low St some 
discrepancy remained in the tails of 
the acceleration PDF.

• If the timescale of an acceleration 
event is a function of its magnitude, 
then there will be a biased filtering 
of the velocity field, i.e., a particle 
will sample small- and large-
magnitude events differently.

• Filtering is a function of       
inasmuch as     is a function of    . 

• Results from the vortex model 
support a functional form 
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Generalized particles
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Revisiting the role of biased sampling 
and filtering in the acceleration PDF

• Particle inertia has a significant 
effect on acceleration variance, 
even at St as low as 0.1.

• For St≤0.2 the effect of particle 
inertia on the acceleration 
variance is captured by biased 
sampling.

• For St>2 it is filtering that 
captures the effect of inertia.

• Contributions to acceleration 
variance come predominantly 
from the central portion of the 
PDF. St
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Acceleration timescale as a 
function of acceleration magnitude

• We test the conjecture of 
Ayyalasomayajula et al. (2008) by 
computing the single-component 
acceleration autocorrelation 
function of fluid particles sampled 
along inertial particle trajectories 
conditioned on the magnitude of 
the acceleration event.

• The correlation times, defined as 
the first zero-crossing, are a 
decreasing function of 
acceleration magnitude.

• We conclude that biased filtering 
does occur and is important in 
determining the shape of the 
normalized acceleration PDF.
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Cloud parameters
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Froude number distribution



Summary for isotropic turbulence

• Turbulence inside a cumulus cloud is similar to turbulence in a laboratory

• Particle accelerations measured in a wind tunnel are less intermittent than the 
equivalent fluid particle at the same conditions

• Same result found in DNS

• Using DNS we can separate sampling and filtering effects; sampling is 
dominant for low-order moments (consistent with Bec et al. 2006); filtering 
effects found in the tails of the PDF; result traced to “biased filtering”

• Combination of results allows us to estimate the distribution of Froude 
numbers in a weakly turbulent cumulus cloud; 1 part in 1000 has turbulent 
accelerations of the same order as gravity



Boundary layer experiment

Gerashchenko et al., J. Fluid Mech. 617:255-281, 2008



Plate and optical setup

Horizontal plate Optical setup

Phantom v7.1 camera (8 kHz)
TSI phase Doppler particle analyzer
Hot wire velocimeter (2 components)

3.3 m X 0.67 m plexiglass plate
Sunbeam ultrasonic humidifier
Spraying systems company

Gerashchenko et al., J. Fluid Mech. 617:255-281, 2008



Parameters

Gerashchenko et al., J. Fluid Mech. 617:255-281, 2008

Case U∞ 〈u2〉1/2/U∞ u∗ Rλ 〈d2〉1/2 Stη∞
(m/s) (m/s) (µm)

Low 2.37 4.7% 0.117 100 16 0.035
Med 2.39 11.6% 0.124 240 16 0.07
High 2.39 11.6% 0.124 240 41 0.47



Experimental results
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Direct numerical simulations

Lavezzo et al., J. Fluid Mech. (2010)
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Mean flow

Lavezzo et al., J. Fluid Mech. (2010)



Mean acceleration comparison



Acceleration variance comparison



Acceleration probability density functions 
(experiment vs DNS)
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What is the role of gravitational settling and the 
mean shear?

g



What is the role of gravitational settling and the 
mean shear?

g

We can explore this by neglecting gravity
in the particle motion
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Acceleration mean and variance (no gravity)

Lavezzo et al., J. Fluid Mech., in review
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Mean acceleration and Reynolds stress
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Lavezzo et al., J. Fluid Mech. (2010)



Effect of gravity on acceleration PDFs
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Lavezzo et al., J. Fluid Mech. (2010)
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Summary

• Direct numerical simulations of droplet acceleration statistics in channel flow 
are in good agreement with recent experiments in a boundary layer (mean, 
variance and PDFs).

• DNS allowed us to isolate the effect of gravity.  We have demonstrated that  
the coupling of gravitational settling and the mean velocity gradient is 
responsible for

- the dependence of the mean acceleration on Stokes number

- reversal in the trend of the RMS with Stokes number (in the absence of 
gravity the trend in the RMS is consistent with isotropic turbulence)

• The study demonstrates some of the power of coordinated DNS and 
experimental studies of turbulence.



Entrainment experiment with and without gravity
Sergiy Gerashchenko, Garrett Good, Zellman Warhaft

Veervali & Warhaft (1989)

Mixing of droplets across a turbulent non-turbulent interface (TNI)
Mixing of droplets across a turbulent turbulent interface (TTI)
Conditions such that evaporation and collision are negligible





RMS velocity and 4th moment from HWA



Concentration profiles for TTI (squares) and TNI 
(circles); Red with g, Blue no g



DNS Strategy (Peter Ireland and L R Collins)
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Particle Concentration Profiles



Summary of Preliminary Entrainment Experiments

• Particle mixing resembles that of a passive scalar (appropriate Stokes number 
is defined in terms of the large eddy turnover time)

• Gravitational settling does effect mixing rates

• DNS with a turbulent non-turbulent interface can mimic experiment

• Plan to perform Lagrangian tracking experiments of particles crossing the 
interface
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Topics

Talk 1: Discuss how simulations and experiments have 
helped us understand the motion of a single inertial 
particle in turbulence.

Talk 2: Discuss the motion of particle pairs in turbulence 
with the goal of analyzing the interparticle collision rate.

•Background on collision

•RDF and relative velocity PDF in isotropic turbulence 
(DNS then experiments)

•Clustering in the Lagrangian frame

•2nd order structure function and “caustics”

•Effect of velocity filtering (towards LES)



Comprehensive Strategy

ModelingObservations

Laboratory DNS

•RANS
•LES



Generalized Collision Kernel
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Direct Numerical Simulation
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Particle-particle Interactions

Elastic Rebound

Coalescence

Ghost



Parameters

U
′ turbulence intensity

ε dissipation rate
ν kinematic viscosity
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number density
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Cloud parameters
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Limiting theories for turbulent collision
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1

2
n

2
d
3

(

8πε

15ν

)1/2

Saffman & Turner (1956)
zero Stokes number

Nc =
1

2
n

2
d
2

(

16π〈v2〉

3

)1/2

Abrahamson (1975)
infinite Stokes number

n = number density

1

2
〈v2〉 = particle energy



Collision vs Stokes number

Sundaram & Collins (1997)
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Evolution of the size distribution
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Radial Distribution Function (RDF)

g (ri) ≡
Ni/∆Vi

N/V
Sundaram & Collins 1997

ri



Stokes Number Dependence
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Bi-disperse RDFs



Reynolds number dependence

St = 0.4 St = 0.7

Keswani & Collins 2004



Experimental Turbulence Chamber

38 cm

Fans

Optical Access

Isotropic Turbulence Chamber

de Jong, Cao, Salazar, Collins, Woodward & Meng 2008

Hui Meng
SUNY Buffalo



Fit a 2nd-order structure function

DLL(r) ≈ C2 (εr)2/3

Errors ≈ 20%
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Holographic Imaging
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Reconstructed “particle”

Particle reconstruction by edge detection (PRED)

Pu & Meng, Exp. Fluids 29:184-197 (2000)



Metal-Coated Hollow Glass Spheres



Time Evolution of RDF

inc t

Salazar, de Jong, Cao, Woodward, Meng & Collins, J. Fluid Mech. (2008)



Comparison of RDF from Experiment and DNS

Salazar, de Jong, Cao, Woodward, Meng & Collins, J. Fluid Mech. (2008)



Particle Relative Velocities
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Particle Relative Velocities
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Comparison of PDFs

St = 0.2

St = 2.0



Mean inward velocity

Fig 6b is obtained by filtering the
errant tail in the experimental PDFs.
It gives some sense of the possibility
with an improved algorithm for high
velocity particles.

St = 0.2



Summary on DNS and experiments for collisions 
kernel

• Experiments yield RDF in quantitative agreement with DNS when parameters 
are precisely matched

• Experiments yield relative velocity statistics in qualitative agreement with DNS

• We need a better matching algorithm to improve velocity measurements

• We are using DNS as virtual data to optimize delta t for each velocity



Eulerian view of clustering

Schematic

Strain
Rotation

Rotation

DNS
Maxey 1987; Squires & Eaton 1991; Wang & Maxey 1993
Sundaram & Collins 1997; Reade & Collins 2000
Falkovich et al. 2002; Zaichik & Alipchenkov 2003; Chun et al. 2005



Monodisperse inward drift
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Monodisperse outward diffusion
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Monodisperse prediction

0.25

0.20

0.15

0.10

0.05

0.00

A
 / 

B

0.200.150.100.050.00
St

 Theory 1
 Theory 2
 DNS
 Stochastic 1
 Stochastic 2

g(r) =
(

η

r

)A/B

Falkovich et al., Nature 419:151 (2002)
Zaichik et al., PoF 18:035110 (2006)
Chun, Koch, Rani, Ahluwalia & Collins, JFM 536:219 (2005)



Bidisperse inward drift
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Bidisperse outward diffusion
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Bidisperse prediction
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Reynolds number dependence puzzle
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Inertial particles avoiding high strain too?



Relative Velocity PDFs have Skewness
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What is a “caustic”?

• Yudine (1959) coined this the “crossing trajectories” effect and 
studied its relevance to dispersion. Both Falkovich et al. (2002) 
and Wilkinson et al. (2006) identified the importance of caustics 
(or “sling effect”) to the process of warm rain initiation. 

• Wilkinson has gone on to predict the collision kernel in the 
presence of caustics, as a weighted average of the Saffman-
Turner and the Abrahamson kernels.

•  The theory is derived for limits not compatible with 
turbulence. However, comparison with random Gaussian flows 
with specified space-time correlations is favorable.

• Do we see caustics?

IP
FP IP

FP

x

v

A caustic occurs when
the same point in space has
more than one defined velocity



2nd order structure function

• We investigate the scaling of the inertial 
particle relative velocity structure 
function in the dissipation range and 
the inertial subrange

• In the dissipation range we find 
evidence of caustics and good 
agreement with the theory of Falkovich 
and Pumir (2007) and Wilkinson et al. 
(2006) for St>0.5. Scaling exponents are 
analyzed in the context of the model 
proposed by Bec et al. (2009).

• In the inertial subrange we observe 
reduced intermittency exponents when 
compared to that of the fluid. 
Manipulation of the particle evolution 
equation shows that the dominant 
effect is that of filtering and not biased 
sampling. r/η
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Salazar & Collins JFM, in review; Bec et al. (2010)



Bec et al. (2010)

G�
2(r, St) ∝ rξp(St)

ξp(St) =






p for p ≤ α ln(7/St) ,

α ln(7/St) for St ≤ 7 ,

0 for St > 7 .
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Consistent with the limits                     and   ξp(St → 0) = p ξp(St → ∞) = 0

fluid limit ballistic limit



Decomposition in the limit r    0

From the evolution equation for 
inertial particles we can write

v = u− τpv̇

v̇ =
dv

dt

The second order structure 
function can be expanded as 
follows
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Decomposition in the limit r    0

Theory of Falkovich & Pumir (2007) and Wilkinson et. al (2006) gives,

�|∆v|p� = Bp exp [−pA/St]

This in turn implies

Do caustics exist at all St? Following Maxey (1987), for St<<1 we have v̇ = a

Hence for small St the inertial particle velocity is given by v = u− τpa

This suggests the Stokes number must exceed a critical value for caustics to form

G�
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Curve Fit

G
‖
2
(r, St) = α + βrξ2



General Expression

G�
2(r, St) =






c�(St)r2 for St ≤ Stc ,
1
3B

2 exp [−2A/St] + c�(St)rξ2(St) for Stc ≤ St ≤ 7 ,
1
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Quality of Fit

G�
2(r, St) =






c�(St)r2 for St ≤ Stc ,
1
3B

2 exp [−2A/St] + c�(St)rξ2(St) for Stc ≤ St ≤ 7 ,
1
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2 exp [−2A/St] for St > 7 .
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• The linear regime for    is apparent, with 
a Reynolds number dependent slope.

• It is difficult to establish the existence of 
a critical Stokes number Stc.

• Our fit to the expression for caustics 
given by Falkovich & Pumir (2007) and 
Wilkinson (2006) is reasonable. We find 
a similar Reynolds number dependence.

• Our proposed decomposition shows 
excellent convergence to         in the 
limit of r/η<<1 and St>Stc
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Summary on relative velocity

• Theory gives us the RDF and relative velocity PDF in the zero Stokes limit in 
quantitative agreement with DNS

• Theory predicts relative velocity PDF is negatively skewed (required for 
clustering to occur)

• Theory cannot predict the appearance of “caustics”; they are required to 
understand the peak in clustering at St ~ 1

• We believe there is a critical Stokes number for the appearance of caustics 
(between 0.2 and 0.5); consistent with Reeks (cellular flow); inconsistent with 
Wilkinson and Falkovich (assumed a Gaussian distribution of velocity 
gradients)



Large eddy simulation (LES)

!" # !" $ !" ! !"" !"!
!" %

!" $

!""

!"$

!"%

κη

E(κη) = E(κ)
ηuη

2

D(κη) = 2νκ2E(κ)
uη

3

κcη=0.077

κcη=0.112

κcη=0.154



Unfiltered RDF
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Unfiltered relative velocity PDF
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Unfiltered skewness of relative velocity
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Effect of filtering on RDF
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Effect of filtering on relative velocity PDF
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Effect of filtering on skewness of relative velocity

! " #! #"#

!$"

!

r/η

S
(r

/η
,S

t)

St=0.1

(a)
! " #! #"%

&

#

!

r/η

S
(r

/η
,S

t)

St=0.7

(b)

! " #! #"%

&$"

&

#$"

#

r/η

S
(r

/η
,S

t)

St=1.0

(c)
! " #! #"#$"

#

!$"

!

r/η

S
(r

/η
,S

t)
St=3.0

(d)



Summary of LES

• Filtering reduces clustering for low St particles, but enhances clustering for 
high St particles (filtered eddies “diffuse” high St particles; filtering reduces 
caustics as well)

• Filtering always reduces relative velocity variance

• Filtering modifies skewness in manner qualitatively similar to clustering


